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1. If § be a divisor of N, then there is a conjugate divisor 4’ such that §8’ = N. Thus we
see that

the number of divisors from 1 to /N is equal to the number of divisors from V/N to N. (1)
From this it evidently follows that

d(N) < 2V/'N, (2)

where d(N) denotes the number of divisors of N (including unity and the number itself).
This is only a trivial result, as all the numbers from 1 to VN cannot be divisors of N.
So let us try to find the best possible superior limit for d(N) by using purely elementary
reasoning.

2. First let us consider the case in which all the prime divisors of N are known. Let
N =pit-p3® - p5° -y
where p1, p2,ps ... pn are a given set of n primes . Then it is easy to see that
d(N)=(1+a1)(1+a2)(1+as) - (1+ap). (3)

But

1
g{(l + ay)logpr + (14 az)logps + -+ + (1 + a,) log pn}
>{(1+a)(1+a2) - (1+a,)logpilogps--- lngn}%v (4)

since the arithmetic mean of unequal positive numbers is always greater than their geometric
mean. Hence

1 1
E{logpl +logps + -+ + logp, +1log N} > {logpi logps - -logp, - d(N)}=.

In other words

{Llog(pipaps -+ puN) }"
log p1 log palog ps - - - log py,”

d(N) < (5)

for all values of N whose prime divisors are py,p2,p3, .-, Pn-

3. Next let us consider the case in which only the number of prime divisors of N is known.
Let

N = pi'p3*ps® - - i,
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where n is a given number; and let
N/ — 20,1 . 3[12 . 5[13 ”.pan’

where p is the natural nth prime. Then it is evident that

N' < N; (6)
and
d(N') = d(N) (7)
But
1100(2-3-5---p- NHL"
a(vy < Lol PN} s)
log2log3logh---logp
by virtue of (5). It follows from (6) to (8) that, if p be the natural nth prime, then
1100(2-3-5---p- N)"
IV < { log( p-N)} (©)

log2log3logh---logp

for all values of N having n prime divisors.

4. Finally, let us consider the case in which nothing is known about N. Any integer N can
be written in the form
202 . 303 . 505 ...

where a) > 0. Now let

where h is any positive number. Then we have

d(N) o 1+CL2 1+CL3 1+CL5

NP ghas  3has  phas (11)
But from (10) we see that, if ¢ be any prime greater than z, then
14}:aq§14;aq:1+aq§1' (12)
q aq rhaq 2aq
It follows from (11) and (12) that, if p be the largest prime not exceeding x, then
d(N) - 1+ a9 ' 1+ a3 . 1+ as 1+a,
Nh — 2ha2 3ha3 5ha5 phap
14+as 14as 1—|—a5”1+ap (13)

— 2ha2 ’ 2ha3 ’ 2ha5 ’ 2hap :
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But it is easy to shew that the maximum value of (1 4 a)27"¢ for the variable a is ﬁggz’

Hence
w(z)
d(N) 2"
< 14
Nh = <h610g2> ’ (14)
where w(x) denotes the number of primes not exceeding x. But from (10) we have
- log 2‘
log
Substituting this in (14), we obtain
log2 [ 255 1og 2 |
og oz= log
d(N) <N . 15
(W) < logm{ e(log 2)2 } (15)

But it is easy to verify that, if x > 6.05, then

2h < e(log 2)2.
From this and (15) it follows that, if = > 6.05, then

d(N) < 2UeeN)/(log ) (1og 5:)() (16)
for all values of N, w(z) being the number of primes not exceeding x.
5. The symbol “O” is used in the following sense:
¢(r) = O{(¥(x)}

means that there is a positive constant K such that

‘ o(z)
U(z)

for all sufficiently large values of x (see Hardy, Orders of Infinity, pp. 5 et seq.). For
example:

<K

S5x = O(x); %x = O(z);xsinz = O(x); /o = O(z);logz = O(z);

but 22 £ O(x); zlogx # O(x).
Hence it is obvious that
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Now, let us suppose that
log N

(log log N)?

in (16). Then we have
log x = loglog N + O(logloglog N);

and so
logN  log N log N loglog log N
logz  loglog N (loglog N)?
Again
log N log loglog N
w(z)loglogz = O(zloglogz) = O { (loglog N)?

It follows from (16), (18) and (19), that

log 2log N 0 log N logloglog N
log log N (loglog N)?

logd(N) <

for all sufficiently large values of V.
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(18)

(19)



