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The object of this paper is to give a finite expression of ®(s,0) in terms of Riemann (-
functions, when s is an odd integer greater than 1.
Let ((s,z), where > 0, denote the function expressed by the series

P (D) (@ +2)

and its analytical continuations. Then

C(Sv 1) = C(S)v C(37 %) = (28 - 1)((3)7 (1)
where ((s) is the Riemann (-function;
C(S,J}) _C(S7x+1) =z~ (2)
1942°+3° + - +n = ((=s) = ((=s,n + 1), } (3)
154354554+ (2n—1)° = (1 - 25)¢(—s) — 25¢(—s,n+ &) |

if n is a positive integer; and
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if n is a positive integer, —(2n — 1) < s < 1, and By = %,B4 = %, Bg =
are Bernoulli’s numbers.
Suppose now that

U(z) = 6((—3,2) + (4o — 3)Vz + ©(3, 2).

Then from (2) we see that

U(z)—V(r+1) = 6Vo+ @z —3)Voe— o+ 1)/ (@+1)+{/(z+1) - vz}’ =0;
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and from (4) that ¥(z) — 0 as  — oo. It follows that ¥(z) = 0. That is to say,
6¢(—%,2) + (4o = 3)Va + ®(3,2) = 0. (5)

Similarly, we can shew that

40((—%,@ + (1622 — 20z + 5)v/x + ®(5,2) = 0. (6)

2. Remembering the functional equation satisfied by ((s), viz.,
C(1—s) =2(2m)"°T(s)¢(s) cos 3s, (7)

we see from (3) and (5) that

2 1 .3 1
ﬁ+ﬁ+x/§+~-+[:§n%+%\/ﬁ—gc(§)+6q>(3,n); (8)
and
VI+V34+Vo+-+/(2n 1)
1 s VZ—1.3 . 1 .
= sen =D} 3=+ G + e - ) (9)
Similarly from (6), we have
IW1I4+2V2+43V3+---+nyn
25 s 1 3 .5 1
= — = — - _ _¢ . 1
£ an2 4 oV = e ((5) + 15 805, n); (10)

and

WI4+3V3+5V5+--+(2n—1)/(2n 1)

— %(271 D ien -1z 4 % 2n— 1)
32v2—1 5 1 ,

It also follows from (5) and (6) that

Via+d)++/(a+2d) ++/(a+3d) +---++/(a+ nd)
= C+ ;—d(a+nd)% +1/(a+nd) + %xﬂ@(i&,n + a/d); (12)

and

(a+d)? +(a+2d)2 + (a+3d)2 + -+ (a+nd)?
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2 1 1
:C/—F%(a—i-nd)g—ké(a—knd)%—l—gd (a—i—nd)—i—Ed\/ECI)(&n—i-a/d), (13)

where C' and C’ are independent of n.
Putting n = 1 in (8) and (10), we obtain

B(3,0) = 5-C (2), 2(5,0) = 5 4¢ (2. (14)

3. The preceding results may be generalised as follows. If s be an odd integer greater than
1, then

®(s,2) + 5 {Ve + /(@ - 1)} + 3{Va - V(z - 1}’

+ 21— 4s,2) + WT_GC@ ")
4 2086 =6 8 =9 grot0g(s_ 4,.0)
L 55 = 8)(s = 9)(s —10)(s — 11)(s ~12)(s = 13) ;14

7!
x((T—3s,2) 4+ to [F(s+1)] terms =0, (15)

where [z] denotes, as usual, the integral part of . This can be proved by induction, using

the formula

{(Ve+V@+ )P +{Vo - (£ 1)}

— (2\/5)5 + %(2\/5)3—2 + 3(827 3) (2\/5)3_4
+ W@\/})sw 4+ to [1+ %s] terms, (16)

which is true for all positive integral values of s.
Similarly, we can shew that if s is a positive even integer, then

20— §s) — (1L~ §s,2)

220D gemoies 1) (3 s.0)

+S(S—6)(S—75)!(8—8)(8—9)
+-+ to [3(s+2)] terms

= HVE Ve P+ HVE-VE- DY - L (1)

28_10{C(5 _ %S) —(¢(b— %S,(ﬂ)}
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Now, remembering (7) and putting = 1 in (15), we obtain

P(s,0) = —%TF—%(H—S) cos tms{1-3 -5+ (s — 2)m((33)
—3-5-7--- (s —4)5(s = 5)57°C(5s — 2)
+5:7-9-(s—6)5(s = 7)2(s —9)in°C(3s - 4)
—7-9-11--- (s —8)3(s —9)%(s — 11) 3 (s — 13)277( (35 — 6)
+9-11-13--- (s — 10)%( —11)3(s — 13) (s — 15)1(s — 17)

X 97r9§( s—8)— to [$(s+1)] terms }, (18)

If s is an odd integer greater than 1. Similarly, putting x = % in (15), we can express

(s, %) in terms of (-functions, if s is an odd integer greater than 1.

4. It is also easy to shew that, if

2) = i {(Vie+n)+/(@+n+1)}¢

= V{@+n)(z+n+1)}

I

then

PP (et ) et VA

{z(z -1}
— o 223 2C( 28 ZE)+ (3_4)('9:;5)(8_6)23 6{( 28 l’)
MCEL T R TR CE USRI
+--+ to [F(s+1)] terms, (19)

provided that s is a positive odd integer. For example

U(l,z) = %,
U(3,2) = 4vT — o= + 2((5,2), (20)

U(5,x) = 162/x — 12z + % +24¢(—3,2),

and so on.




