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1. Let the well-known expansion of z cot z (vide Edwards’ Differential Calculus, §149) be
written in the form

Bg B6

By
l‘COtZE:1—5(21})2—1(21’)4—5(2;1;)6_...7 (1)

from which we infer that By may be supposed to be —1. Now
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Multiplying both sides in each of the above three relations by the deno minator of the

right-hand side and equating the coefficients of " on both sides, we can write the results
thus:

1(p_
c1 B’;‘l - 63353_3 +cs Bgf’ — 4 7(_1)22”@ i By + 2%(—1)%("‘” =0, (2)
where n is any odd integer;
3B — c4Bn_g + cgBn_g — - + (—1)2=D By 4 g(—n%("—?) —0, (3)
where n is any even integer;
¢1Bn_1 — c3Bn_3 + c5Bn_s — - + (—1)2D By ¢ g(—l)%W—l) —0, (4)

where n is any odd integer greater than unity.

From any one of (2), (3), (4) we can calculate the B’s. But as n becomes greater and
greater the calculation will get tedious. So we shall try to find simpler methods.
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2. We know

dcot x
tx)? = —22 (1 .
(x cot x) x < + . >

Using (1) and equating the coefficients of 2™ on both sides, and simplifying, we have

2(n+1)B,, = c3BsBy—2 + caByBy_y + cBs B + -+,

the last term being cz_1Bz_1 Bz or %c%(Bg)2 according as 5 is odd or even. ...(5)
A similar result can be obtained by equating the coefficients of ™ in the identity
dtan x
=1+ tan?z.
dx
3. Again
—x(cot 32+ coth $z) = —3Za(cot $x + icot Jiz)

4 8
T T

by using (1). The expression may also be written

| (cosizsintiz + isin iz cos Jiz) L (L+i)sin$z(1+14) — (1 —4)sin $2(1 — i)
—5 = —sz
2 sin 1z sin iz 2 cos (1 — i) — cos $x(1 + i)
T ° z9
_ s et
2 NG 210
21 22.6!  2%4.10!

by expanding the numerator and the denominator, and simplifying by De Moivre’s theorem.

Hence 5

x x
4 8 w5 T
z x _ 1 22.5!
2<30+B4I+38§+“'>——33x2 5 : (6)
2
Similarly
2 6 10
1 1 1 x X X
— 3 (cot 3z — coth §z) = 2<Bg§+BGa+Blol—0!+.u>

x%a —i)sin 22(1 +14) — $(1 4 i) sin $z(1 — 4)
cos (1 + i) — cos gx(1 — i)
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Proceeding as in §1 we have, if n is an even integer greater than 2,

o B2 B¢ Bpno1o n
2 25 95 (n+2)

according as n or n — 2 is a multiple of 4.

Analogous results can be obtained from tan %w + tanh %a:

In (2), (3) and (4) there are in terms, while in (5) and (8) there are in or 1(n —2) terms.
Thus B,, can be found from only half of the previous B’s.

4. A still simpler method can be deduced from the following identities.
If 1, w,w? be the three cube roots of unity, then

4sin x sin 2w sin zw? = —(sin 2z 4 sin 22w + sin 2zw?),

as may easily be verified.
By logarithmic differentiation, we have

9 9 cos 22 + w cos 2w + w? cos 2rw?
cot  + w cot zw + w” cot xw” = 2

sin 22 + sin 2zw + sin 2zw?
Writing %x for x,

1 oS T + w cos 1w + w? cos zw?

1 1 2 12y _
—s5z(cot 52 + wcot 51w + w” cot 5aWw?) = —x

sin x + sin zw + sin zw?
and, proceeding as in §3, we get

2 8 14

6 12 z & + &
gyt )op2l 8l
3<BO+BG6! + B+ ) =1y x9+x15 . (9)
39 15!
Again
9 cos Tw? — cos Tw _ 2(cos zw — cos zw?)

cot%:nw—cot%:nw =1 3 T 5 T o - - 5
28in 5 sin 52w Sin 50w Sin x + sin zw + sin rw

Multiplying both sides by —%:Iz(w2

result, we have

—w) and adding to the corresponding sides of the previous

1 cos T + w? cos 1w + w cos Tw?

1 2.1 1.2y _ _
—sz(cot 52 + w” cot oW + w cot 5TW?) = —x

sin z + sin xw 4+ sin xw?

Hence, as before,

2 8 14 i x10+x16
T T T _ 4 1ol 16l
3<B2§+B8§+B14E+”'> R +a:15 : (10)

31 9! 15!
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Similarly

cos x + cos zw + cos zw? — 3

sin  + sin zw + sin xw?

—x(cot 3z + cot 2w + cot %:sz) =

and therefore

336 LE12 3318
4 xlO x16 a—ﬁ‘Fl—g'—'“
6<B44 By T P > TP e (1
3o T

Multiplying up and equating coefficients in (9), (10) and (11) as usual, we have,
c3Bp—3 — c9Bp—g + c15Bp—15 — -+ =0, (12)

the last term being %n(—l)%("_l), %n(—l)%("ﬂ), %n(—l)%("_g).
Again, dividing both sides in (10) by z and differentiating, we have

6 12 :LA 51:
P o
3 Bg +TBy g+ 18BuTg ) == 410 16'
8! 4 dr | x z9
IR TR
.Z'2 JZ‘8 N 14 .’L’ ﬂ? N 1'16
20 8 AL 00 16l
33‘3 :EQ 15 33‘ 33‘9 N £E15
3 ol ' 15! 3 9l 15l

Hence by (9) and (10),

2 8 IIZ'14
B B 13B14—
3<2 + 7 88'+3 1414|+ )

) 6 IIJ‘12 ZL'2 $8 IIJ‘14
=22+ 9(By+ By + Broo— + -+ ) ( Byo + By~ + Bryo—t -+ | .
v < 0t 66‘ Pt >< T T VT )

Equating the coefficients of ™ we have, if n > 2 and n — 2 is a multiple of 6,
5(n+2)B, = c6Bn_¢Bs + c12Bn_12B12 + c1sBp_18Bis + - - (13)
From (12) the B’s can be calculated very quickly and (13) may prove useful in checking

the calculations. The number of terms is one-third of that in (4); thus By is found from
Blg, Blg and BG-

5. We shall see later on how the B’s can be obtained from their properties only. But to know
these properties, it will be convenient to calculate a few B’s by substituting 3,5,7,9,-- -,
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for n in succession in (12). Thus

. _ 1. _ 1. 1. 1p 1.
By=-1; By=g; Bi=7355 Bs= 13 Bs—3B2=—75;

Big— 5By = —1i; Biz—11Bs = —52=; Bu— 2Bs+ % = 205
Big — %Blo + 4By = ﬁ; Big —221B19 + &5436 = %;

By — 320y, + 128 By — % = — 375

Byy — 33 B1g+ W6, — LBy = — L

and so on. Hence we have finally the following values:

1, 1. _ 1. 1. _ 5. _ 691 . _ 7.
By =% Bi=35 Bs=735; Bs=1355 Bio=g5 DBi2= 35 Buu=g5;
__ 3617. __ 43867. __ 174611, __ 854513, __ 236364091 .
Big = 510 ° Big = 798 Bao = 330 By = 138 7 By = 2730
__ 8553103. __ 23749461029 . __ 8615841276005 .
Bag = 6 Bog = ]70 ; Bso = 14322 )

7709321041217 . _ 2577687858367
By = S5 Bga = 2550

= 510 3 6 ; 1919190

Bag — 2929993913841559 . Bun = 261082718496449122051 .
38 — 6 ) 40 — 13530 y T

6. It will be observed* that, if n is even but not equal to zero,
(i) B, is a fraction and the numerator of B, /n in its lowest terms is

a prime number,

(ii) the denominator of B, contains each of the factors 2 and 3 once
and only once,

(iii) 2™(2™ —1)B,/n is an integer and consequently 2(2" — 1)B,, is an
odd integer.

From (16) it can easily be shewn that the denominator of 2(2" — 1)B,,/n in its lowest terms
is the greatest power of 2 which divides n; and consequently, if n is not a multiple of 4,
.. (17)
It follows from (14) that the numerator of B, in its lowest terms is divisible by the greatest
measure of n prime to the denominator, and the quotient is a prime number.
Ezamples: (a) 2 and 3 are the only prime factors of 12, 24 and 36 and they are found in

then 4(2" — 1)B,,/n is an odd integer.

Bap — 26315271553053477373 .
36 —

-, Bso = 0.

)

(14)
(15)

(16)

the denominators of Bio, Boy and Bsg and their numerators are prime numbers.

*See §12 below

... (18)
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(b) 11 is not found in the denominator of By, and hence its numerator is divisible by 11;
similarly, the numerators of Bog, B34, Bsg are divisible by 13, 17, 19, respectively and the
quotients in all cases are prime numbers.

(¢) 5 is found in the denominator of Byy and not in that of Bsg, and consequently the
numerator of Bsg is divisible by 5 while that of Byg is a prime number. Thus we may say
that if a prime number appearing in n is not found in the denominator it will appear in
the numerator, and vice versa.

7. Next, let us consider the denominators.

All the denominators are divisible by 6; those of By, Bs, Bia,--- by 5; those of Bg, Bis,

Big, -+ by 7; those of Big, Bog, B3o, - - - by 11; but those of Bg, Big, Ba4, - - - are not divisible

by 9; and those of B4, Bag, - -+ are not divisible by 15. Hence we may infer that:

the denominator of B, is the continued product of prime numbers which are the next

numbers (in the natural order) to the factors of n (including unity and the number itself)
..(19)

As an example take the denominator of Boy. Write all the factors of 24, viz. 1, 2, 3, 4, 6,

8, 12, 24. The next numbers to these are 2, 3, 4, 5, 7, 9, 13, 25. Strike out the composite

numbers and we have the prime numbers 2, 3, 5, 7, 13. And the denominator of By, is the

product of 2, 3, 5, 7, 13, i.e., 2730.

It is unnecessary to write the odd factors of n except unity, as the next numbers to these

are even and hence composite.

The following are some further examples:

Even factors of n and unity Denominator of B,
By 1, 2, 2:3=6
Bg 1,2,6 --- 2-3-7=4
By 1,2, 4,6, 12 2-3-5-7- 13—2730
By 1, 2, 4, 10, 20 2-3-5-11 =330
Bag 1, 2, 6, 10, 30 2.3.7-11-31 = 14322
Byo 1,2, 6, 14, 42 2-3-7-43 = 1806
Bsg 1,2, 4, 8, 14, 28, 56 2-3-5-29=2870
By 1,2, 4, 6,8, 12, 18, 24, 36, 72 2-3-5-7-13-19-37-73 = 140100870
By 1, 2, 6, 10, 18, 30, 90 2-3-7-11-19-31 =272118
Biio 1, 2, 10, 22, 110 2.3.11-23 = 1518

8. Again taking the fractional part of any B and splitting it into partial fractions, we see
that:

the fractional part of B,, = (—1)%”{the sum of the reciprocals of the prime factors of the
denominator of B, } — (—1)%". (20)

Thus the fractional part of Big = % + % + % + 1—17 —1= %;
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that of By = 1_%_%_%:%;
that of Bog = %—I—%—I—%—I—%—lz%; and so on.

9. It can be inferred from (20) that:

If G be the G.C.M. and L the L.C.M. of the denominators of B, and B,,, then L/G is
the denominator of B,, — (—1)%(7”_")Bn, and hence, if the denominators of B,, and B,, are
equal, then B,, — (—1)%(7”_")Bn is an integer. (21)
Example: Bsy — B1o and Bss — Big are integers, while the denominator of Big + B is 5.
It will be observed that:

(1) If n is a multiple of 4, then the numerator of B,, — % in its lowest terms is divisible by
20; but if n is not a multiple of 4 then that of Bn" — 1—12 in its lowest terms is divisible by 5;
(22)
(2) If n is any integer, then
Bunto Bgn14 Bien+s
2 24TL+2 -1 n+ 2 28n+4 _ ) =8ntt ) 28n+4 -1

( Bn+1’ ( Bn+1’ ( )2n+1

are integers of the form 30p + 1. (23)

10. If a B is known to lie between certain limits, then it is possible to find its exact value
from the above properties.

Suppose we know that By lies between 6084 and 6244; its exact value can be found as
follows.

The fractional part of Bay = 155 by (20), also Bo is divisible by 11 by (18). And by (22)
Boyo — %1 must be divisible by 5. To satisfy these conditions Bs3 must be either 6137% or
61924C.

But according to (18) the numerator of Bay should be a prime number after it is divided
by 11; and consequently Bss must be equal to 6192% or 851435813, since the numerator of
6137% is divisible not only by 11 but also by 7 and 17.

11. Tt is known (Edward’s Differential calculus, Ch. v, Ex.29) that

2.0 (1 1 1
By = <—+—+—+m»

(2m)» \1» 27 3n»
o 2-n! 1 1 1
-n!
=B, (l—-——)[(l—-—=)(1——= 24
w2 (7) (-5) (-5) 2
where 2,3,5, ... are prime numbers.
Also

B x n—1

n "

o = [ mge (25)
0
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For
xn—l
/ — 1d.Z' — /xn—l(e—%rx +e—47rm + )d(L’
e fe—
0

) U T B,
T e \ T Tm ) T,

by (24). In a similar manner

and -
n—2 _ 27z _ WBTL
/:E log(l —e )dx = YL (26)
0

Take logarithms of both sides in (24) and write for log, n! the well known expansion of
log, T'(n + 1), as in Carr’s Synopsis, viz.

B B B

1 1 2 4 6

(n+3)logn —n+ 5log2mr  + 1-2n_3-4n3+5-6n5_
By,

_(—1)P
( )(Zp—l)an21”—1’

where 0 < 0 < 1, and where

nge _ ng B ng+2 4.
(2p — 1)2pn2p—1 (2p — 1)2pn2r=1  (2p+1)(2p + 2)n2r+1

o0 o0

1 [ %2 _9 1 x?P _9
= ——/—log(l —e ™)dx + ;/Wlog(l —e )dx —

T n2p—1
0 0

00
1 ‘sz_z ‘sz —27x
= —;/(W—W—i—'-')log(l—e )dx

0
00

1 x2p—2 —27x
0

iy 2p—2 _ ,—2mnx
_ _/x log(l —e )dx.
(14 22)

We can find the integral part of B,,, and since the fractional part can be found, as shewn
in §8, the exact value of B, is known. Unless the calculation is made to depend upon the
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values of logge,log, 10,7, ..., which are known to a great number of decimal places, we
should have to find the logarithms of certain numbers whose values are not found in the
tables to as many places of decimals as we require. Such difficulties are removed by the
method given in §13.

12. Results (14) to (17), (20) and (21) can be obtained as follows. We have

1 1 1 1
22 T Gr1?  @r2? T wrag
1 L, . L
x 6(x3—xz) 5@ —z) T@"—2z) 11(z!! —2x)
17 55 520
= ahgmtm gt 28)

where 5, 7, 11, 13, are prime numbers above 3. If we can prove that the left-hand side of
(28) can be expanded in ascending powers of 1/x with integral coefficients, then (20) and
(21) are at once deduced as follows.

From (27) we have

d?logT'(n + 1) 1 1 1
— = S+ S+ +
dn (n+1) (n+2) (n+3)
1 1 By By B; Bs , Bayf
= n e tw ot T T e (29)
where
B2p9 _ Bap . Bapt2
n2p+l T p2p+l n2p+3
o0 [ee]
x2p x2p+2
- 477/ n2pH (eme e—m)2d$ - 477/ n2p+3(ere _ e—7rm)2d$ T
0 0
[ee]
x2p x2p+2 dr
- [ () e
0
[ee]

x2P

=7
/ n?=1(n? 4+ 22) smh2 T / 1+ 3:2 smh2 TNT
0 0

dx.

Substituting the result of (29) in (28) we see that

By By Bs 1 1 1 1

3 b ?_“‘_6(ZE3—3})+5(ZE5—3})+7(l’7—l’)+11($11—l’)

_|_...’
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where 5,7,11,... are prime numbers, can be expanded in ascending powers of 1/z with
integral coefficients.

Therefore Bg—%, —B4—%+%, Bﬁ—%‘i‘%, —Bg—%-i-%, Blo—%—kl—ll,---,which are the
coefficients of 1/23,1/2%,1/27,-- -, are integers.

Writing  + 1 — 1 for —¢ we get the results of (20) and (21).

Again changing n to %n in (29), and subtracting half of the result from (29), we have

1 1 1 1 (22-1)By (2*-1)B,
_ + = +
(n+1)2 (n+2)?2  (n+3)? 2n? n3 nd
(26 — 1)Bg 5 Bs,0
S e (CLPRP - 1) ot (30)

where 0 < 6 < 1, and also, by (29),

(@ 1)

[e.e]
Boyy,0 / 7?P cosh mnx
= x.
(

n2rl 1 + 22) sinh? mnx

Thus we see that, if we can prove that twice the left hand side of (30) can be expanded in
ascending powers of 1/n with integral coefficients, then the second part of (16) is at once
proved.

Again from (27) we have

dlogltn+1) _y  1y1 1, L
- 2 3 4
n

dn
1 By By Bg By Bayt
—1 -2, o 76, T8 —1)P 31
ogn+ 2n 2n2  4n*  6nS  8nd (=1) 2pn?2p (31)
where 0 < 6 < 1; and also, by (25),
° 2p—1
B2p / 2x°P~ dﬂj‘,
2pn2p 1 + £L'2 e27rmv _ 1)
0
from which it can easily be shewn that
1 1 n 1 1 n 1
n+2 n+4 n+6 n+8 n+10
1 BQ B4 B6
= — —2(22-1 2328 —1)—= —25(20 — 1) =
2n ( )2n + 2% )4n4 ( )6n6 +
Bs,0
(=12 — 1) (32)

2pn2p
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where 0 < 6 < 1; and also, by (31),

ng

[e.9]
dzx.
2pn2p /2 1+x2 sinh £ (7nx)
0

22p—1 (22p

From the above theorem we see that, if we can prove that

1 1 1
9 _ + —),
n+2 n+4 n+6

can be expanded in ascending powers of 1/n with integral coefficients, then the first part
of (16) at once follows.

13. The first few digits, and the number of digits in the integral part as well as in the
numerator of B,,, can be found from the approximate formula:

logyy By, = (n+ 3)loggn — 1.2324743503n + 0.700120,

the true value being greater by about 0.0362/n when n is great. (33)
This formula is proved as follows: taking logarithms of both sides in (24),

log, By, = (n+ 1) log,n — n(1 + log, 27) + 3 log, 87

nearly. Multiplying both sides by log;je or .4342944819, and reducing, we can get the
result.

14. Changing n to n — 2 in (24) and taking the ratio of the two results, we have

n(n—1) 22 -1 32 -1 52 —1
B,=———B 1 1 e 34
" Ar? "2< 2n—1>< 3n —1 5n—1) (34)
where 2,3,5,... are prime numbers.
Hence we see that Bf’iz approaches "(‘ﬁr}l) very rapidly as n becomes greater and greater.

(35)

From the value of 7, viz. 3.14159, 26535, 89793, 23846, 26433, 83279, 50288, 41971, 69399,

., the integral part of any B can be found from the previous B; and from the integral
part the exact value can at once be written by help of (20) as follows:
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Approximate ratio of any lies between* Hence the exact value is
B to previous B
By 0 and 1 1-3—3 =1
By =3B, 0 and 1 t+i41l-1 = &
_ 56 11 _ 1 _ 1
Bﬁ —EQ'BAL 0 and 1 1—§—§—7 = I
Bs = 1%Bg 0 and 1 s+i+1-1 = 3
_ 910 1_1_ 1 _ 5
BlO _WBS 0 and 1 1—§—§—ﬁ = %6
B =B, R N P
By =157 B 0 and 2 ~3-3 =35
By =185 A S e
Big =11EBg 54 and 55 6—3—3—1— i = 43807
By =Y2Bjg - 529 and 530 .- | 528+5+5+++ 4 =150

15. From the preceding theorems we know some of the properties of B,, for all positive
even values of n. As an example let us take Byyy = N/D.

The fractional part of Byyy is Sg%g%g by (20). The numerator of Byyy is divisible by 37
and the quotient is a prime number by (18). Again log,y B44 = 630 - 2433, nearly, by (33).

Therefore the integral part of Byyy contains 631 digits, the first 4 digits being 1751. Again

log1o N = logo B + log;o D = 630 - 2433 + log,, 90709710 = 638 - 2010

nearly. Therefore N contains 639 digits, the first four digits being 1588.

Again the numerator of By — % is divisible by 20; that is to say, if [Ba44] is the integral
part of Byys, [Baaa] + gg%g%g — % = [By] + 3%92%369527 has a numerator divisible by 20.
Therefore the integral part of B4 ends with 4 and also the figure next to the last is even.

Hence N ends with 57 and also the third figure from the last is even.

16. Instead of starting with cot x as in §§ 2 and 3, we may start with tan z or cosec x and
get other similar results.
Thus

(i) 5Bn(2" = 1) = c6Bn(2""" = 1) = c12Bp-12(2" 2 = 1) + -+
+ (=050 or fn(~1)s"Y or fn(-1)F"0 - (36)

“These integral limits are got from a rough calculation of any B from the preceding B by the formula
given in the first column.
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. 1 1 1
(12) c3 <1 - W) Bn—3—c9 (1 - W) Bn—g +ci5 (1 - W) Bp—15—---

1
2. (320D 4 (—1)s or (—1)s( D o (—1)s( I, (37)

17. The formulae obtained in §§1, 3, 4 may be called the one interval, two interval and
three interval formula respectively. The p interval formulee can be got by taking the pth
roots of unity or of i according as p is odd or even.

For example, let us take the fifth roots of unity (1, a,a?,a?, a*), and find the 5 interval
formulee.

Let

¢(x) = sinz +sinza +sinza? + sinza® + sinza’

25 15 25
= 5<a‘1—5l 2—5">
Then it can easily be shewn that

16sin zsin zasin za’ sinza® sinza? = ¢(22) — ¢{2z(a + o)} — ¢{22(a* + *)}
= ¢(22) + ¢{z(1+ V5)} + ¢{z(1 — V5)}.

Taking logarithms and differentiating both sides, we have

x x
10 220 230 $(1+045) 14,(1-1-@15) +-
5( Bo+ Bio—— + Bog— + B3go + -+ | = —x—¢ , (38)
10! 20! 30! z° z1®
— — —(1+a)+
s+ as) = 75
where
n n
1++5 1—+v5
Qp = < 2\/_) + < 2\/_> , so that apa, = apym + (_1)nam_n.
Similarly
26 216
22 12 222 g(l-i-cw) 16,(1+6¥17)+"'
(i) 5( Bos + Bio~— + By 4 -+ | = 20! ; (39)
2! 12! 2221 z° ) ot? )
s tas) = (1 +as) +-
8 18
T T
B 24 214 224 5(0‘7_1)_1_@(0‘17‘1”“‘
(ii)) 5 B4 4+ Biy— 4+ By—+ - | =% , (40)
41 14! 24! b rld
§(1+a5) 15,(1+a15)+~~

13
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6 xlﬁ I‘26
(iii) 10 (BG ol + Big=— + Boys— +- >

16! 26!
£10 220 230
10 — (a9 —3) — 2—(),(@20 —3) + @(%0 —3) =
=r== (41)
o 15 % ;
= (1 +as5) - i — (L4 ais) + 25,(1-1-0425)

.5 JRE 228
(iv) 5 <Bg TN Big—= + Bas 5 +- )

18! 28!
12 22 32
x x x
— (11— 1) — —= (a1 — 1)+ == (a3 — 1) — - -~
_ 12! 22! 32! (42)
5 15 225 :
5 (1+a5) 15'(1+a15) 25'(1+0425)

Again from

16 cos z cos za cos za? cos za’ cos xat

=1+ ©[22] + U[2x(a + a')] + U[22(a? + o?)]

where
U(z) = cosa+cosza+ cosza’ + cosa’ + cos vat
10 20 30
x x x
— 51—+ ...
( o 200 300 )

and similar relations, we can get many other identities.

18. The four interval formulee can be got from the following identities: If
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o that amin = amay — am—n/2"; and byip = amby + byy—pn/2"; then:
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Some properties of Bernoulli’s numbers
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