X
On the integral [ &2t gt
0

Journal of the Indian Mathematical Society, VII,1915, 93 — 96

1. Let
i tan—'t
o) = [ 2L ar )
0
Then it is easy to see that
¢(x) + o(—x) = 0; (2)
and that
L
V@)=t 3)
provided that |z| < 1.
Changing ¢ into 1/t in (1), we obtain
1 1
P(x) — ¢ <E> = §7T10g337 (4)

provided that the real part of x is positive.
The results in the following two sections can be very easily proved by differentiating both
sides with respect to x.

2. Ifo<z< %ﬂ', then

sin2x  sin6x  sin 10z
I + 32 + = +...=¢(tanz) — xlog(tan z). (5)

If, in particular, we put = = %77 and %71 in (5), we obtain

11 1 1 1 m
— = — = — =4+ =+ =V20(V2-1)+ —=log(1 2); 6
Gtmomom Tt V2(v2 )+4\/§og(+f)7 (6)

and

26(1) = 3¢(2 — V3) + iﬂlog(Q +3). (7)
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If —%71 <z < %71, then

x 2sin*z  2-4sin®x
2 (t _>:- 2 N
o\tang) =sinwd s—— om0 ®)

fo<z< %77, then

sinx sin2x 4

sindx 4
TR T+ 5% cos”x + 3 cos”x + - -

1

= ¢(tanx) + 3™ log cos z — x log sin x; 9)

and
cosx + sinx n 1cos®z + sind z n 1-3cos®x +sin’z
12 2 32 2-4 52

1

= ¢(tanz) + §7Tlog(2 cos x). (10)

If —%ﬂ' <z < %ﬂ' and a be any number such that

1
|(1—a)sinz| <1, ‘<1——>cosa: <1,
a
then
i 1 in 2 1)° in3 1\°
Sl;x (1—E>COS£E—|—SII;2$<1—E> coszzn—l—SH;zx(l—a) cos®x 4 -+
in(z + 3 in2(z+ 1
Sm@lizﬂ)(l_a)sm_w(l_wzsmzﬁ...
= ¢(tanz) — ¢(atanx) + xlog a. (11)

3. Let R(z) and I(z) denote the real and the imaginary parts of x respectively. Then, if
-1 < R(z) <1,

72 2 2
log<1—§> —3log<1—§> —|—5log<1—5—2> —

= %[(JS(l) — ¢{tan iﬂ'(l —x)}] + log tan %71’(1 — ). (12)

Putting z = % in (12) and using (7), we obtain

(-5)0-) (- (5) () o

e",

wln
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where 4
n= o) (13)

Again, subtracting log(1 — x) from both sides in (12) and making  — 1, we obtain

2 (R R )i

If -1 < I(z) <1, then
72 72 72
log <1—|—§> — 3log <1—|—§> + 5log <1—|—5—2> -
4 B -1 —inz
= ;{qb(l) —¢(e”2™)} —2xtan” e 2™, (15)
From this and (7) we see that, if 372 = log(2 + v/3), then

22 22\ 7 22\’ 22\ " n
<1+§><1+3—2> <1+5—2> <1+§> — (16)

where n is the same as in (13).
It follows at once from (12) and (15) that, if -1 < R(5) <1, —1<I(a) <1, then

phras _ (Lral) (8- BNT(8 Hal\ T T BT a7)
- 12_52 32—1—042 52_52 72—1—042 ’

provided that cosh %7‘1’0& = sec %ﬂ'ﬁ .

4. Now changing z into 2z(1 4 ¢) in (15), we have

Qix? 8ix? 8ix?
log <1—|—1—2> — 3log <1+3—2> + 5log <1—|—5—2> —

4 . -1 —mx(1+: 4 1 —mx(1+e 1 —3mx (141
:;qﬁ(l)—éla:(l—kz)tan el )—;{ﬁe ( )—ﬁe ) 4 b

Equating real and imaginary parts we see that, if z is positive, then

642t 64x* 642t
log <1+1—4> —310g <1+3—4> —|—5log <1+5—4> —_

_ §¢ (1) — 22log COSh?T(L'-FS%IlT(’JZ 4o tan-! < (.:os7m:>
T cosh mx — sinx sinh

8 3 5
_; {coi;m:e_m, B 008327m:e_3m (3085271'% e~ b _ } : (18)
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and

2 2 2

8z 8x
tan ?—31]311_1?4-51]311_1?—'“

cosh wx + sin wx _q [ cosSTT
= zlog - — 2x tan -
cosh mx — sinmx sinh

Te—ﬂx . 32 e—37rx + Si115$6_57m . } . (19)

It follows from (18) that, if n is a positive odd integer, then
-3 5 -7
4n?t 4n? 4n?t 4n

1 2ncos L (n—1)m
1— e 2™ 2
= en ) [ = — ; (20)
14+ e~ 5™
and, if n is any even integer, then

-3 4N\ D aN —7
4n 4n 4n 4n
<1+ 14)(1+ 34> <1+5_4> <1+W>

s

4 { sin 7z sin 3mx

8 8 1
= exp {;qﬁ(l) - ;(—1)%"@5(6_%”") + 3 tan ! e_é“"]} . (21)
Similarly from (19) we see that, if n is any positive odd integer, then
2n? 1 2n? 2n?
-1 -1
tan ?—?ﬁ 3—2+5tan 5—2—
4, iy [T l+e2™) 1 1 s 1 s
_ 5(n— —57n -5 —357n .
S T | T | T T e T e T (22
and, if n is a positive even integer, then
2n? 2n? 2n?
tan ™! 1—712 —3tan~! 3_112 + 5tan” ! 5% —...= 211(—1)%"_1 tan~!e"2™, (23)
In this connection it may be interesting to note that
tan~! 2™ = % - (tan_l % — tan"! g + tan ! % — .. > (24)
for all real values of n.
1 3 5
5. Remembering that T = — + — ... we have

dcoshmr 124422 324+ 422 52 4 422

=00
3
4 Z " COShﬂmj Z {n2 P4 an?a?)  n2(3 + dn%a?) }
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(1 22 coth% coth%—;r cothg—;r

That is to say, if @ and 8 are real and o8 = 72, then

O(1) + 2p(e™) + 2¢(e72) + 2p(e73) + - - -

T fa B s 1 1
_§<§+§>_@{12coshﬁ+2zcosh26+”.}' (26)

If, in particular, we put o« = 5 = 7 in (26), we obtain

572 1 1 1
o(1) = 18 2{12(e7r —-1) o 32(e3™ — 1) i 52(ed™ — 1) }

1 1 1 )
_5 { (1267T + e—7r) + 22(62“ + 6—27r) + 32(63“ n 6_3”) + .. }
= .9159655942, 27)

approximately.



