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x
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tan−1
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1. Let

φ(x) =

x
∫

0

tan−1 t

t
dt. (1)

Then it is easy to see that

φ(x) + φ(−x) = 0; (2)

and that

φ(x) =
x

12
− x3

32
+

x5

52
− x7

72
+ . . . (3)

provided that |x| ≤ 1.

Changing t into 1/t in (1), we obtain

φ(x)− φ

(

1

x

)

=
1

2
π log x, (4)

provided that the real part of x is positive.

The results in the following two sections can be very easily proved by differentiating both
sides with respect to x.

2. If 0 < x < 1
2π, then

sin 2x

12
+

sin 6x

32
+

sin 10x

52
+ . . . = φ(tan x)− x log(tan x). (5)

If, in particular, we put x = 1
8π and 1

12π in (5), we obtain

1

12
+

1

32
− 1

52
− 1

72
+

1

92
+ · · · =

√
2φ(

√
2− 1) +

π

4
√
2
log(1 +

√
2); (6)

and

2φ(1) = 3φ(2−
√
3) +

1

4
π log(2 +

√
3). (7)
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If −1
2π < x < 1

2π, then

2φ
(

tan
x

2

)

= sinx+
2

3

sin3 x

3
+

2 · 4
3 · 5

sin5 x

5
+ · · · . (8)

If 0 < x < 1
2π, then

sinx

12
cos x+

sin 2x

22
cos2 x+

sin 3x

32
cos3 x+ · · ·

= φ(tanx) +
1

2
π log cos x− x log sinx; (9)

and

cos x+ sinx

12
+

1

2

cos3 x+ sin3 x

32
+

1 · 3
2 · 4

cos5 x+ sin5 x

52
+ · · ·

= φ(tan x) +
1

2
π log(2 cos x). (10)

If −1
2π < x < 1

2π and a be any number such that

|(1− a) sinx| ≤ 1,

∣

∣

∣

∣

(

1− 1

a

)

cos x

∣

∣

∣

∣

≤ 1,

then

sinx

12

(

1− 1

a

)

cos x+
sin 2x

22

(

1− 1

a

)2

cos2 x+
sin 3x

32

(

1− 1

a

)3

cos3 x+ · · ·

+
sin(x+ 1

2π)

12
(1− a) sinx− sin 2(x+ 1

2π)

22
(1− a)2 sin2 x+ · · ·

= φ(tan x)− φ(a tan x) + x log a. (11)

3. Let R(x) and I(x) denote the real and the imaginary parts of x respectively. Then, if
−1 < R(x) < 1,

log

(

1− x2

12

)

− 3 log

(

1− x2

32

)

+ 5 log

(

1− x2

52

)

− · · ·

=
4

π
[φ(1) − φ{tan 1

4
π(1− x)}] + log tan

1

4
π(1− x). (12)

Putting x = 2
3 in (12) and using (7), we obtain

(

1− 4

32

)(

1− 4

92

)

−3(

1− 4

152

)5(

1− 4

212

)

−7(

1− 4

272

)9

· · · = (2−
√
3)

2

3 en,
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where

n =
4

3π
φ(1) (13)

Again, subtracting log(1− x) from both sides in (12) and making x → 1, we obtain

(

1− 1

32

)

−3(

1− 1

52

)5(

1− 1

72

)

−7(

1− 1

92

)9

· · · = π

8
e3n. (14)

If −1 < I(x) < 1, then

log

(

1 +
x2

12

)

− 3 log

(

1 +
x2

32

)

+ 5 log

(

1 +
x2

52

)

− · · ·

=
4

π
{φ(1) − φ(e−

1

2
πx)} − 2x tan−1 e−

1

2
πx. (15)

From this and (7) we see that, if 1
2πx = log(2 +

√
3), then

(

1 +
x2

12

)(

1 +
x2

32

)

−3(

1 +
x2

52

)5(

1 +
x2

72

)

−7

· · · = en, (16)

where n is the same as in (13).
It follows at once from (12) and (15) that, if −1 < R(β) < 1, − 1 < I(α) < 1, then

e
1

2
παβ =

(

12 + α2

12 − β2

)(

32 − β2

32 + α2

)3(
52 + α2

52 − β2

)5(
72 − β2

72 + α2

)7

· · · , (17)

provided that cosh 1
2πα = sec 1

2πβ.

4. Now changing x into 2x(1 + i) in (15), we have

log

(

1 +
8ix2

12

)

− 3 log

(

1 +
8ix2

32

)

+ 5 log

(

1 +
8ix2

52

)

− · · ·

=
4

π
φ(1)− 4x(1 + i) tan−1 e−πx(1+i) − 4

π

{

1

12
e−πx(1+i) − 1

32
e−3πx(1+i) + . . .

}

.

Equating real and imaginary parts we see that, if x is positive, then

log

(

1 +
64x4

14

)

− 3 log

(

1 +
64x4

34

)

+ 5 log

(

1 +
64x4

54

)

− · · ·

=
8

π
φ (1)− 2x log

(

coshπx+ sinπx

coshπx− sinπx

)

− 4x tan−1
( cos πx

sinhπx

)

− 8

π

{

cos πx

12
e−πx − cos 3πx

32
e−3πx +

cos 5πx

52
e−5πx − · · ·

}

; (18)
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and

tan−1 8x
2

12
− 3 tan−1 8x

2

32
+ 5 tan−1 8x

2

52
− · · ·

= x log

(

cosh πx+ sinπx

cosh πx− sinπx

)

− 2x tan−1
( cos πx

sinhπx

)

+
4

π

{

sinπx

12
e−πx − sin 3πx

32
e−3πx +

sin 5πx

52
e−5πx − · · ·

}

. (19)

It follows from (18) that, if n is a positive odd integer, then

(

1 +
4n4

14

)(

1 +
4n4

34

)

−3(

1 +
4n4

54

)5(

1 +
4n4

74

)

−7

· · ·

= e
8

π
φ(1)

(

1− e−
1

2
πn

1 + e−
1

2
πn

)2n cos 1

2
(n−1)π

, (20)

and, if n is any even integer, then

(

1 +
4n4

14

)(

1 +
4n4

34

)

−3(

1 +
4n4

54

)5(

1 +
4n4

74

)

−7

· · ·

= exp

{

8

π
φ(1) − 8

π
(−1)

1

2
n[φ(e−

1

2
πn) +

1

2
πn tan−1 e−

1

2
πn]

}

. (21)

Similarly from (19) we see that, if n is any positive odd integer, then

tan−1 2n
2

12
− 3tan−1 2n

2

32
+ 5 tan−1 2n

2

52
− · · ·

=
4

π
(−1)

1

2
(n−1)

{

πn

4
log

(

1 + e−
1

2
πn

1− e−
1

2
πn

)

+
1

12
e−

1

2
πn +

1

32
e−

3

2
πn +

1

52
e−

5

2
πn + · · ·

}

; (22)

and, if n is a positive even integer, then

tan−1 2n
2

12
− 3 tan−1 2n

2

32
+ 5 tan−1 2n

2

52
− . . . = 2n(−1)

1

2
n−1 tan−1 e−

1

2
πn. (23)

In this connection it may be interesting to note that

tan−1 e−
1

2
πn =

π

4
−
(

tan−1 n

1
− tan−1 n

3
+ tan−1 n

5
− . . .

)

(24)

for all real values of n.

5. Remembering that
π

4 cosh πx
=

1

12 + 4x2
− 3

32 + 4x2
+

5

52 + 4x2
− . . . we have

π

4

∞
∑

1

1

n2 coshπnx
=

n=∞
∑

n=1

{

1

n2(12 + 4n2x2)
− 3

n2(32 + 4n2x2)
+ · · ·

}
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=
π3

8

(

1

3
+

x2

2

)

− πx

(

coth π
2x

12
− coth 3π

2x

32
+

coth 5π
2x

52
− · · ·

)

. (25)

That is to say, if α and β are real and αβ = π2, then

φ(1) + 2φ(e−α) + 2φ(e−2α) + 2φ(e−3α) + · · ·

=
π

8

(

α

3
+

β

2

)

− π

4β

{

1

12 cosh β
+

1

22 cosh 2β
+ · · ·

}

. (26)

If, in particular, we put α = β = π in (26), we obtain

φ(1) =
5π2

48
− 2

{

1

12(eπ − 1)
− 1

32(e3π − 1)
+

1

52(e5π − 1)
. . .

}

−1

2

{

1

(12eπ + e−π)
+

1

22(e2π + e−2π)
+

1

32(e3π + e−3π)
+ . . .

}

= .9159655942, (27)

approximately.


