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1. Let

P1(n) = VI+V2+V3+- -+ n— (C1+ 2nyn+ 1vn)
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where C is a constant such that ¢1(1) = 0. Then we see that
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But ¢1(1) = 0. Hence ¢1(n) = 0 for all values of n. That is to say
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But it is known that
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Putting n = 1 in (1) and using (2), we obtain
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2. Again let

$2(n) = 1V1+2vV2... + nyn — (Co + 2n*Vn+ Invn + 4v/n)
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where Cy is a constant such that ¢o(1) = 0. Then we have
P2(n) — g2(n+1) = —(n+1)/(n+1)
2+ 1)’V + D)+ i+ DV + 1) + 2+ 1)}
—{&n*Vin+ gyt gVt + {vi = Vn+ 1)) =0,
But ¢3(1) = 0. Hence ¢(n) = 0. In other words
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But it is known that
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It is easy to see from (4) and (5) that
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3. The corresponding results for higher powers are not so neat as the previous ones. Thus
for example

VI +22V2 + 333+ + iV = Cs + Vn(2n® + 3n? + 2n)
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BVI4+22V2+ -+ nPyn = Cy+ va(En* + In® + Ln® — 34
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+ oVt Vin+ D} {V+ 1)+ (n+2)) 70+ 8)

and so on.



On the sum of the square roots of the first n natural numbers

The constants C3,Cy, ... can be ascertained from the well-known result that the constant
in the approzimate summation of the series 171 + 271 4371 ... 1 ig
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) (F + -+ 3 + —+- ) cos 57T, 9)

provided that the real part of v is greater than 1.

4. Similarly we can shew, by induction, that
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The value of Cp can be determined as follows: from (10) we have
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ﬁ+ﬁ+%+"'+m—2 (2n) — Co, (11)

as n — o0o. Also
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as n — 00.
Now subtracting (12) from (11) we see that
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That is to say
CO:—(1+\@)<%—%+%—%+W>. (13)

We can also shew, by induction, that
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The asymptotic expansion of VI+V24+V34+ -+ /n for large values of n can be shewn
to be
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by using the Euler-Maclaurin sum formula.
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