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1. It is well known that

(1.1) [ teosayen o= - T+ L(m + )} T+ L(m =)}

2

=

if R(m) > —1. It follows from this and Fourier’s Theorem that, if n is any real number
except =1 and R(a+ ) > 1, or if n = +7 and R(a + ) > 2, then

9] inT 1 _\a+B8-2
(1.2) / € de = (2cos g7) ezn(B=a) on g
oo D+ 2)T(B — ) MNa+pg-1)

according as |n| < w or |n| > . In particular we have

o0 dz 2o+h—2
(1.21) /_Oor(a+3:)F(ﬁ—:n):F(a+5—1)

if R(a+ B) > 1; and

00 2a—-3
(1.22) / dr _ 2
0 Na+z)N(a—z) T'(2a-1)
if R(a) > 1. If a is an integer n + 1, (1.22) reduces to

o sin p w227 (nl)?
/0 o{1— @211 - (@22} {1 — @/n)} " 7 27 (2n)!

Again, if m is a positive integer, we have

(1.23)

= 1 ,

2cosmx +2cos3mxr + -+ to 3m terms

sin mra 1+ 2cos 2z + 2cosdrz + -+ to i(m+1) terms or
sin Tx

according as m is odd or even. It follows from this and (1.2) that, if R(«) > 1,

/°° sin mmx dx 220—3 0
= or 0,
o sinmx Na+z2)lN(a—z) T'(2a-—1)
according as m is odd or even. Hence, if m and n are positive integers, we have

sinmmx w22 (nl)?

/0 - @/OHL - @)1= @] "2 @)

(1.24) or 0,
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according as m is odd or even. From this we easily deduce that, if [, m, and n are positive
integers,
(1.25)

0 (sinmmz)?+1 _ o2(n—1)— u n: 27r or
/0 a{l = (22/12)H{1 = (22/22)} - - - {1 — (a*/n?)} =z )< ) v

according as m is odd or even. It follows that

2n+1

(sinmmx) dre"™ o 0.

/0 p{l— (2?/1)H1 - (@?/2)} {1 = (@?/n?)} 2

according as m is odd or even. Similarly we can shew that

(1.26)

(sinmma)?

/0 {1— (@?/1)H{1 = (22/2)} - {1 = (2?/n?)}
for all positive integral values of [, m, and n.

In this connection it is interesting to note the following results:
(i) If R(a+ B) > 1 and R(y+ 0) > 1, then

dr =0

(1.27)

Y402 im(y—0d)x

(13 ra+s-y [ (QCF?;T?:U)F(;_ o

1 .
2 (2cos mx)*tB—2¢im(a—p)e
—F(’y+5—1)/_ Ty + 200 =) dx.

1
2
This is easily proved by writing

1

/2 (2 COS 7_[_Z)oz-i-ﬂ—2ei7rz(o¢—6—|-2:(:)dZ

instead of
MNa+p-1)

IMNa+2z)[(B —x)

in the left-hand side of (1.3).
(ii) If m and n are integers of which one is odd and the other even, and m > 0 and
R(a+ B) > 2, then

m inmTx

*  (cosx)™e _ [T (cosmx)menTe
(1.4) (48— 2)/f Tla+ 0B —2) = /5 Ta—1+ar@—a)

where £ is any real number. This is proved as follows: Suppose that the left-hand side,
minus the right-hand side, is f(§). Then

ey (a+ B —2)(cosTE)™ inmé
MO="TarorG-9
_(—1)m+n(cos &) me inmé (cos m€)™e inme

=0.

Fla+dl(B-¢-1)  Tla-1+I(B-9)
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Hence f(&) is a constant which is easily seen to be zero.

2. Before proceeding further I shall give a few general rules for generalising the results in
the previous and the following sections. If

£(0) = /5" (z + 61)(?2}?);)‘ (x4 ET)F(;E) da,

where 7 is zero or a positive integer, and the €’s, £,7,( and F(x) are all arbitrary, then it
is easy to see that

(2.1) frin(@+1) = £{fr () = (CF &) fr(C+ 1D},

provided the necessary convergence conditions are satisfied.
Similarly if

n
£(C) = / @+ )@+ e) (x4 e)T(C + 2)F(x) da,
3
then

(2-2) fr+1(<) = i{fr(< + 1) - (C + €r+1)fr(<)}-

Thus we see that, if fo(¢) is known, f.(¢) can be easily determined.
Suppose now that P(z) is a polynomial of the rth degree and N any integer greater than
or equal to r. Let D, E and A denote the usual operators so that

E=1+A=¢".
Then, if

[ F)
£(0) = /f D a,

N
(2.3) /J 7];((?5(;)) dm:%:f(CTTV)(iA)VP{—%ui (1-¢+in)l,
as easily seen by replacing P(z) by

(14 AE3*3)E-1p 4 (1 ()}
Similarly using the equation

P(z) = (15 AE272)" (0 p(i(),

we find that, if
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then

N
(2.4) /J P+ )P F@) de =S LD Ay p 1= (¢4 b))

V!
0

As an illustration let us apply (2.3) to (1.2). We find that if n is any real number except
+7, and R(a + ) > 1+, orif n = &7, and R(a+ ) > 2+ r, and N is any positive
integer greater than or equal to r, where r is the degree of the polynomial P(x), then

0 or
2.5 dr = N a+pB—v—2
(2.5) /_OO T(a + 2)T(3 — 2) x Zk (2cos gn) Jhin(8-a)
- V! INa+p—-v—-1)
according as |n| > or |n| < m, k, being either e%i””A”P(l —a) or
e 2 (A P(B — v — 1).
It is immaterial which value of k, we take.
If
IN(CI)
Plx) = ——=,
W= TG T
where (1 — (o is a positive integer, then it is well known that
(G —¢)! TG +z)

2.6 AYP .
(26) (=) = (G1=G-v!T(G+z+v)
This affords a very good example for the previous formulee.

It is easy to see that (1.2) can be restated as

(2.7) / h e dr =0
' —00 P(Oé—l—fL’)F(,@—.Z’) a

or

571 00 eine 0 zn v—a)
2 |t = L ere iy

ein(ﬁ_y)

1
zl:l“ Na+p8—v)

according as |n| > m or |n| < 7 (n being of course real). But

00 P(gj)eznz B 00 e(D-i—zn):(:P(O)
/ Mot ar(p—m) " /_w Mo+ 00— o)
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Hence, if the conditions stated for (2.5) are satisfied,

(28) /_ Fa+z)['(B —x) de =0
> P(z)e™* — ") Py —a)
(2.81) /_Oo T(a+ 2)T(3 — 21: T(a+ 5 —)
_N OTIPB )
N 21: I(a + 6 —v)

according as |n| > m or |n| < .

3. We shall now consider an important extension of (1.2). Let [z] denote the greatest
integer not exceeding z, so that (e.g.) [~53] = —6. Let us agree further that

>
"
if v < p. Then if n and s are real and ¢(z) is a function that can be expanded in the form

i C,zr

when |z| = 1, we have

00 ¢(eism)einm B {2 COS 5 (n + VS)}OH_B g 2i(B—a)(n+vs)
(31) /_ F(a—i-g;)l“(ﬂ—x) dﬂf—zcu (a—i—ﬁ—l) (& + )

where the summation is bounded by

T on TN
=t <v< | = ——],
AR ]
provided that either

(i) m + n and m — n are not multiples of s, and R(av + ) > 1,
or (ii) m 4+ n and m — n are multiples of s, and R(a + 5) > 2,

or  (iil) C(z—py/s = 0 and C_(r 1)/ = 0, whenever one or the other or both of the suffixes
of C happen to be integral, and R(a + ) > 1,

or (iv) m+n and m — n are multiples of s, a + [ is an integer greater than 1, and
Clrenyys = €™ C_(rin) /s
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The formula (3.1) is easily obtained by substituting the series for ¢ and integrating term-
by-term, using (1.2).

It should be remembered that (3.1) is not true if n or s ceases to be real, though the
integral may be convergent. In such cases, generally, the integral cannot be evaluated in
finite terms.

The following integrals can be evaluated at once, with the help of (3.1):

(3.11) /oo da

— oo (peim® 4+ gem)T(a + 2)T(8 — x)’

where m and n are real and |p| # |q|;

xz,

L)

where n and s are real and m is a positive integer;

(14 ee™®) e
(3.13) /_oo F((a+—|— az)Fzﬁ — ) dx,
where m is real and |e| < 1;

00 pcos sz+igsin sztinz
(3.14) /_Oo (o + 2)T(3 — ) dx.
For instance the value of (3.14) is

3 2c0s 1 (n+vs)} 7
Y [

where J,,(x) is the ordinary Bessel function of the vth order, and {(¢+p)/(¢— p)}%” should
be interpreted so that the first term in the expansion of

1
{(a+p)/(a—p)}2" T { (¢ - p2)}
is . y
{5(0+9)}
V! )
Putting s = 27 in (3.1) we obtain the following corollary. If ¢ is the same function as in
(3.1), and n is any real number, then

0o ¢(e2i7r:c ) e
(32) [mrw+@mﬁ—@e de

{2cos (3n — n[(7 + n)/2n]) }a+ﬁ_2 ei(ﬁ—a){%n—ﬂ[(ﬂ-ﬁ-n)/%r]}
P(a+8—1) ’

= Oy
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where

m™+n
A=
=l
provided that either
(i) n is not an odd multiple of 7, and R(a + ) > 1,

or (i) n is an odd multiple of 7 , and R(a + 5) > 2,

(
or  (iii) n is an odd multiple of 7, C(z_p) /2 = 0 and C_(z1p)/2r = 0, and R(a+ ) > 1,
(iv) n is an odd multiple of 7, a 4 (3 is an integer greater than 1, and
Clan)/m = €TC_(ryn) j2r-
Thus we see that the value of each integrals (3.12) — (3.14), when s = 2, reduces to a
single term.
The next section will be denoted to the application of (3.2) in evaluating some special

integrals.

or

4. Suppose that « is not real and

@(Z):1+€_2i7ra2+6_4i7ra22+"' (I(Oé)<0),
and ¢(Z) — _e2i7ra2—1 _ e4i7ra2—2 4. ([(Oé) > 0)7
so that ¢(z) is convergent when |z| = 1. Then it is easy to see that
00 F(a—i—a:) ] o 00 ¢(e2i7rx) . _
T g — 9 iTa iz (m—n) dr.
/_oorwm)e re /_oor<1—a+x>r<ﬁ—x>e ’

It follows from (3.2) that if « is not real, n real, and

(i) n is neither 0 nor any multiple of 27, and R(a — ) < 0,
or (i) n has the same sign as I(«) and R(a — ) < 0,

or (iii) n is 0, or a multiple of 27, having the sign opposite to that of I(«), and

R(a—p) < —1,
or (iv) nis not 0 and o — 3 is a negative integer, then
[e.9]
T .
(4.1) / Memx dx =0 or
o T(B+2)

_ i% {2 cos <7T 5 i [%D}Bﬂ_l

xexp{—z‘na—i—i(ﬁ—a—l) (W;nﬂ[%})}

the zero value being taken when n and I(«) have the same sign, the plus sign when n > 0
and I(a) < 0, and the minus sign when n < 0 and I(«) > 0.
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As a particular cases of (4.1) we have

if « is not real and R(a — ) < —1. If « is not real, n real, and (i) r is a positive integer,
or (ii) r =0 and n # 0, then

(4.12) / e du _ 0

—o0 (x+a)($+a+1)---($—|—a-|—r)

2 1, .
or + — (2 sin %n)r ezir(m—n)=ina
r!

the different values being selected as in (4.1).
Similarly we can shew that if & and S are not real and n is real, and

(i) n is not an odd multiple of 7 and R(a + ) < 1,

or (ii) n is an odd multiple of 7 which has either the sign of I(3) or the sign opposite
to that of I(«), and R(a+ ) < 0,

or (iii) n is an odd multiple of 7 which has neither the sign of I(/3) nor the sign opposite
to that of I(«), and R(av + ) < 1, then

(4.2) / I'(a+2)T(3 - :E)ei"x dr — we%in(ﬁ—a)
—c0 |2 cos gn|oth

< (m e {imta+.0) | L2 < i -ayemp {imta+ ) | T 1)

where 7,(¢) is equal to 0 when © —n and I(¢) have the same sign, to 1 when n < 7 and
I(¢) < 0, and to —1 when n > 7 and I({) > 0.
It should be remembered that for real values of n

12.c0s 1| = 2cos (%n—ﬂ [W]) .

It follows, in particular, that if & and 8 are not real, and R(a + ) < 1, then

(4.21) /OO Da+x)T(B—z)de=0 or +2"72Pirl(a+ B),

—00

the zero value being chosen when I(«) and I(() have different signs, the plus sign when
I(«) and I(f) are both negative, and the minus sign when I(«) and I(f) are both positive.
The following results can either be deduced from (1.5) or be proved independently in the
same way as (1.4).
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If n is zero or any multiple of 27, £ real, @ any number except the real numbers less than
or equal to —¢, and 8 is any number such that R(8 — «) > 1, then

o F(Oé + l‘) inx _ ¢+l F(Oé + l‘) inx
(4.3) B—a-— 1)/§ me dzx = /g me dx.

If n is any odd multiple of 7, a and & are the same as in (4.3), and f is not real and
R(a+ ) <0, then

o | e+ |
(4.4) (a+ 5)/f Mo+ 2)[(B —x)e™ de = /5 ' I'(a+z)0(B+1—z)e™ du.

5. We now proceed to consider an application of (1.2) to some other functions. Suppose
that Us(z), Vs(z) and Wy(z) are many-valued functions of x defined by

qus U1$s+€ UQ£S+2€
U.(x) =
@) =15 T TOtste " TUtsto9
ons les—l—e ,U2xs+2e
V. = C
@) =i T Ta+ste T Ta+st29 T
wors w LL’S+€ W xs+2e
Ws(x) = 0 + 1 + 2 “+ .. ,

I'l+s) T(A+s+e T(A+s+2e

where R(e) > 0, the u’s, v’s and w’s are any numbers connected by the relation to be found
by equating the coefficients of the various powers of k in the equation

wo + wik 4+ wek?® + - = (up + urk + ugk® + ) (vo + vik 4+ vok? + - )%,

and the series Ug(x), Vs(z) and Wy(x) are convergent at least for the values of s and x
that appear in the equation (5.2).

The functions U,V and W are many valued. If |x/y| = 1 and |arg(z/y)| < 7, then one
value of arg(x + y) is given by the equation

(5.1) argx + argy = 2arg(x + y).
If we choose arg x and argy arbitrarily, and agree that
251 = exp{(s + pe)(log |z| + iargz)},

and that of y*T#¢ and (x + y)*TH¢ are to be interpreted similarly, that value of arg(x + y)
being chosen which is given by (5.1), then a definite branch of W is associated with any
arbitrary pair of branches of U and V.

*These series need not, of course, be convergent for any value of k.
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If o, 8, x,y are any numbers such that |z/y| = 1, and R(a + ) > 0 when |arg(z/y)| =7
and R(a + () > —1 otherwise, then

(5.2) /fcuﬁunaf@mww%s:o or Wars(z + 1),

according as |arg(xz/y)| > m or |arg(x/y)| < m, whatever be the branches of U(x) and
V(y), provided that the corresponding branch of W (x + y) is fixed in accordance with the
conventions explained above. This is proved as follows. Suppose that

x = te%i”, Yy = te_%m,
where t is arbitrary and n is any real number. Then the integral becomes
> Lin —Liny ing
Uae(te2™)Vg_g(te™ 2™ )e"dE.
— 0o

If we expand the integral in powers of ¢, and integrate term by term with the help of (1.2)
and then make use of the relations between the u’s, v’s and w’s, the result will be

Wois (2tcos 3n) = Wais(z +y),

or zero, according to the conditions stated with regard to (5.2).
In particular, if R(a+ ) > —1, we have

(5.21) | Unsela)Vime(a)dg = Wors(20)

Suppose now that G4(p, x) is a many-valued function of x defined by

s P xS'H p(p+ 1) xs+2

Gs(pvx) = F(S + 1) N FF(S + 2) 2! P(S +3)

Then it follows from (5.2) that if «, 8,2,y are any numbers such that |z/y| = 1, and
R(a+ ) > 0 when |arg(z/y)| = 7 and R(a + ) > —1 otherwise, we have

(5.3) /_ Gore(p2)Ga_e(q.y)(x/y)*dE =0 or Gaysp+q,x+y),

according as |arg(z/y)| > m or < m, whatever be the branches of G(p,z) and G(q,y),
provided that the corresponding branch of G(p+ ¢, x +y) is chosen according to our former
convention. If, in particular, R(a + ) > —1, then

(5.31) | Gurelp0)Go-cla,2)d€ = Gusslp + 0.20)
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It may be interesting to note that the right-hand sides of (5.3) and (5.31) are of the form
Gotp(p + q,2), which reduces to
zoth

Fla+pB+1)

when p = —¢q, becoming independent of p or q.

The ordinary Bessel’s functions are particular cases of the function G4(p,z). Hence we
have the following particular results. If n is real, and R(a + ) > 0 when n = +7 and
R(a+ B) > —1 otherwise, then

o Ja+§($) JB—E(y) iné _
(5.4) /_Oo e e = 0

2COS %TL %(C‘H'ﬁ) 1, 1 1, 1.
or : . e2™B=o) g o |y [2c0s Ln (x2e—§zn N erizn) |

1 1
x2e” 2" 4 y2e2

according as |n| > 7 or < 7. If nisreal, and R(a+3) > 0 when n = +7 and R(a+5) > —1
otherwise, then

(5.41) / Ja+§(:z:),]g_§(x)em5d£ =0 or e%i"(ﬁ_o‘)Ja+g (2x coS %n) ,

—00

according as |n| > 7 or < . If R(a + ) > —1, then

2 2
(5.42) /OO Jate(@) Jo—¢(y) . _ Jors {27 |
. zots  yf=t (%$2+%y2)%(a+5)
and

6. We shall now consider some special cases of the integral

(6.1) /_ T 2B =T+ )T0 —la) &

[ and n being real numbers.
Replacing 1/{T'(y + lz)I'(6 — lz)} by

™

1 .
9 Y+6—2 —zz('y—6+21x)d
T +0-1) /_%W( COS 2) e 2,

[NIES
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it follows from (1.2) that (6.1) is equal to
1 v 1. a+B-2 Y462
(6.11) Tt - +9-1 /u {2cos (5n—12)} (2cos z)

xexp{i(8—a) (3n —1z) +i(6 — )z} dz,
where u and v are the lower and upper extremities of the common part of the intervals
—%77<z< %71, —%71< %n—lz< %77.
If the intervals do not overlap, the value of (6.1) is zero. It is easy to see that if
(6.12) In| = m(1+ 1)),

the intervals do not overlap; and that, if they do overlap and [ > 0, then

o 7T+n—7T ™ n—m

L T TR
and

v — ™ n—+m B z_n—l—w

14 41 4 41

It should also be observed that, though (6.11) may not be convergent for all the values of
a, 3,7 and ¢ for which (6.1) is convergent, yet we may evaluate (6.11) when it is conver-
gent, and so obtain a formula for (6.1) which may be extended, by the theory of analytic
continuation, to all values of the parameters for which the integral converges.

From (6.12) we see that, if [ and n are any real numbers such that [n| > 7(1 +|l|), then

(62) /_Oo Mo+ )08 — 2T )06 1) =0

provided that (i) R(a+p+~v+40)>2when n| >x(1+]l),
and (i) R(a+ B+~ +9) >3 when |n|=n(1+|l).

7. Suppose now that [ = 1 and n = 0; then (6.11) reduces to

1
1 27 ,
92 a+B4+v+0—4 jiz(a—p—y+9)
(ot B —1T(y +6— 1)/_ (2cos2) ‘ az,

1
27I'

which is easily evaluated by the help of (1.1). Hence

e dx
(7.1) /_ (et 2T (B =) + 20 —a)
B Ma+B+vy+6—-3)
T+ B-1DI(B+y—1D)I(y+6—-1DI(0 +a—1)
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provided that (i) R(aw+ B4+ ) > 3, or (ii) 2(a —7y) and 2(8 — J) are odd integers and
Rla+p+~+46) > 2.

It should be noted that the formula fails when o+ 8+ + 3 = 3 and 2(a — ) and 2(5 — 9)
are odd integers. The value of the integral in this case is some times 1/27 and some times
—1/2m. The value to be selected may be fixed as follows. It is easy to see that, in this case,
one and only one of the numbers a+5—1,54+v—1,7+d—1 and §+a—1 will be an integer
less than or equal to zero. If a + 3 — 1 or 4+ v — 1 happens to be such a number, then
the value of the integral is +1/27, according as 2(f —¢) = F1 (mod 4). Butif y+46 — 1
or 0 + a — 1 happens to be such a number, the value of the integral is +1/27, according as
2(—=0)==+1 (mod 4).

As particular cases of (7.1), we have

o0 1 ~ T(2a+28-13)
(7.11) /_OO {T(a+2)(B—2)2 du = {T(a+ -1

: 3
provided that R(a + () > 3,

o dx - I'(2a + 26 —3)
(7.12) /o P(a+a)l(a—2)D(B+2)0(5—2) 2020 —1)L(28 — D{l(a+ - 1)}*’

provided that (i) R(a+ 8) > 3, or (ii) 2(a — B) is an odd integer and R(a + ) > 1. If
2(a+ p) = 3 and 2(a — B) is an odd integer, then the value of the integral (7.12), when
a > 1, is £1/2m, according as 2(aw — ) = £1 (mod 4), and when o < 1 it is +1/2m,
according as 2(a« — ) = F1 (mod 4).

Putting e = # in (7.11) or in (7.12), we obtain

(7.13) /°° dx  T'(4a—3)
’ o {Mla+2)T(a—2)}2 2{I'2a —1)}*’
if R(a) > %. Suppose again that [ = 1,n =7, and o+ 6 = 8+ . Then (6.11) reduces to

™

sim(B—a)
e2
al(a+B—1DI(y+86—1) /0 (2sin 2) (2cos 2) dz

[NIES

Hence we see that
(7.2)
00 eTITT 1o e:l:%iﬂ(ﬁ—a)
/—oo Cla+z)0(B—2)D(y+2)0(©0 —z) 20 {3(a+B)}T{3(y+6)}T(a+d5—1)

ifa+0=p+~vand Rla+ 5+ + ) > 2. In particular

(7.21)

Tt ar@_npE ™= 20(a+ 8 —1) [T {3(a+B8)}]"

/oo erimT e:l:%zﬁr(ﬁ—oc)
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if R(aw+ ) > 1, and

0 COSTTX 1
(7.22) /0 {T'(a + 2)T(a — z)}2 dr = AT (2a — 1) {F(a)}%
if R(av) > %

8. It follows from (6.2), (7.1), and (7.2) that, if
6(=) = D enz®, V() =D a2,

the series being convergent when |z| = 1, then

o) ¢(ei7rx)
8.1 dz
®1) /—oo [+ 2)0(6 — 2)l'(y +2)I'(6 — x)

B cOF(a+B+’y+5—3)
T+ B-1DI(B+y—1DI(y+6—-1DI(0 +a—1)

provided that (I))R(av+ S+~ +9) >3 or (ii)R(a+ B+~v+ ) > 2 and
o™ BH0) o oemim(BH0) — 904 cos (B —6),

coe O e o ™0 = 26 cos (o — 7);

)

00 ¢(ei7r:c)
(8:2) /_ Tt DB -+ TG —2)

B crezt™(P=e) 4 ¢ emzim(B-0)
2 {i(a+B)} T {i(v+0)}(a+6—1)

provided that a« + 6 =+~ and R(a+ S+ v+ ) > 2.

If « +0 — B — ~ is an integer other than zero, it is possible to evaluate the integrals (7.2)
and (8.2) in finite terms, but not as a single term.

The following integrals can be evaluated as a single term, with the help of (8.1) and (8.2),
whenever they are convergent:

0o F((5 + x)eimc
(8.3) / wTar oG-l ™

where (i) n is an odd multiple of 7, or (ii) n is an even multiple of 7 and a+1 = S+ v+ 9;

(®4) | T
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where (i) n is an even multiple of 7, or (ii) n is an odd multiple of 7 and a4+ § = 8 + ~;

< r L(y—2)I(6 ;
oo I+ )
where (i) n is an odd multiple of 7, or (ii) n is an even multiple of 7 and a+f+7v = 1+9;
(8.6) / (o +2)T(B —z)(y + 2)T(0 — )™ dr,

where (i) n is an even multiple of 7, or (ii) n is an odd multiple of 7 and o+ 6 = 8 + 7.
Thus for instance, if 0 is not real, « +1 =3+ v+, and R(a+ +~v — ) > 1, then

o I'o+x)
(8:31) [mrm+xWW—xww+w>“

ﬂ.e:t%zﬁr(é—'y)

CT(a—-0T{i(a+B)}T{i(v-6+1)}

according as I(0) is positive or negative; and if y and ¢ are not real and R(a+p—v—9) > 1,
then

© T'(y+2)'(0+x) B
(841) /_Oo Na+x)I'(B+ 2) dr =0
or 4 2472 MNa+p—y—0-1)

sinm(y—6) D(a — (@ — 0L (B — 1)L (B—0)’

the zero value being taken when I() and I(d) have the same sign, the plus sign when
I(v) > 0 and I(9) < 0, and the minus sign when I(v) < 0 and I(J) > 0.

9. The following results are easily obtained with the help of (6.11). If 2(a — 8) = v — 9§
and R(a+ B+~ +0) > 3, then

o0 e:l:iwm
©-1) /—oo I(a+2)T(B — z)T(y + 22)[(§ — 2z) da

20 S D (L (0 4 B4y 45— 3)}
T VAl S+ B))T(v+0 - DI (2a+6 —2)
If R(a+ B) > 3, then

/0 INa+2)l(a—2)[(B + 22)I'(B — 2x)
B 22a+25—6r (a + ,8 _ %)
VA28 — D)I'2a+ 5 —2)

(9.11) da

If a+fB+7v+0 =4, then

285
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dx

(9.12) /°° cosm(x + [ +7)

oo L(a+2)T(B — )T (y + 22)T(§ — 22)
1
T (y+6-DIRa+6-2)T28+~—2)
If 2(a — B) = — 0 + k, where k is =1 or 2, then
o sin(2z + o — f§)
/_OO Na+z)T'(B —x)['(y+ 2x)'(6 — 2x)

(9.2) dz

22a—'y—3
=4 ,
VAT (B+v—a+3)T(2a+0-2)

provided that R(a+ 8+ ~y+6) > 2.
If 3(a« — B) = — 0 + k, where k is =1 or 2, then
/OO sinw(2z + o — f5)
oo L+ 2)T(B — 2)T(y + 32)T'(§ — 32)
3%t (20 — B4+ 0 — 2)
T 4r T(y+ S5-I Ba+ 5 —3)
provided that (i) R(a+S+~v+3d) > 3, or (ii)f+~y— 2« is integral and R(a+5+~v+0) > 2.
In (9.2) and (9.3) the plus sign or minus sign on the right-hand side is to be taken according

as k is positive or negative. If k is an integer other than +1 or +2, the integrals in (9.2)
and (9.3) can still be evaluated in finite terms, but in a less simple form.

(9.3) da

10. In this connection, it may be interesting to note that, if n is an even multiple of m,
and a + 3+ + 0 = 4, then

inT
e

) /5 Mo 2T — )T ( + 2T —2)

(10.1) (a+B-2)(B+v—2

E4+1 ein:c
/5 MNa—1+z)D(B—2)'(y—1+4+2)I'(§ — x)

dx

for all real values of £. The proof of this is the same as that of (1.4).
Finally I may mention the formula

(10.2) /_ ) Jore(2)Tg-¢(@) T se (@) T (2)dE = (32) TP

> (32" (Dot B9+ 8 +2— 1))
FrWa+B+y+d+v)l(a+B+v)I(B+y+v)I(y+6+ )0 +a+v)

v=1

which holds if (i) R(a+ B8+ v+0) > —1, or (ii) 2(a — ) and 2(8 — §) are odd integers
and R(a+ B+ +9d) > —2.



