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1.
Statement of the problem.

1.1. The problem with which we are concerned in this paper may be stated roughly as
follows: What is the normal degree of compositeness of a number n? We shall prove a
number of theorems the general result of which is to shew that n is, as a rule, composed of
about log log n factors.

These statements are vague, and we must define our problem more precisely before we
proceed further.

1.2. There are two ways in which it is natural to measure the “degree of compositeness”
of n, viz.

(1) by its number of divisors,
(2) by its number of prime factors.

In this paper we adopt the second point of view. A distinction arises according as multiple
factors are or are not counted multiply. We shall denote the number of different prime
factors by f(n), and the total number of prime factors by F'(n), so that (e.g.)

f(2332%5) = 3, F(233%5) = 6.

With regard to these functions (or any other arithmetical functions of n) four questions
naturally suggest themselves.

(1) In the first place we may ask what is the minimum order of the function considered. We
wish to determine an elementary function of n, with as low a rate of increase as possible,
such that (e.g.)

f(n) < oé(n)

for an infinity of values of n. This question is, for the functions now under consideration,
trivial; for it is plain that

when n is a prime.
(2) Secondly, we may ask what is the mazimum order of the function. This question also

is trivial for F'(n) : we have
~ logn

whenever n is of the form 2¥; and there is no ¢(n) of slower increase which satisfies the
conditions. The answer is less obvious in the case of f(n) : but, supposing n to be the

~ log 2
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product of the first k primes, we can shew (by purely elementary reasoning) that, if e is
any positive number, we have

log n
1 5 "
fln) <1+ E)loglog n
for all sufficiently large values of n, and
log n
1 _¢)—2o "
fn)>( E)loglog -

for an infinity of values; so that the maximum order of f(n) is

log n
loglog n’

It is worth mentioning, for the sake of comparison, that the minimum order of d(n), the
number of divisors of n, is 2, while the maximum order lies between

2(1—6) logn/loglogn 2(1+e) logn/loglogn
)
for every positive value of €.*

(3) Thirdly, we may ask what is the average order of the function. It is well known — to
return for a moment to the theory of d(n) — that

(1.21) d(1) +d(2) +---+d(n) ~nlogn.
This result, indeed, is almost trivial, and far more is known; it is known in fact that
(1.22) d(1) +d2)+---+d(n) =nlogn+ (2y — 1)n+ O(n% logn),

this result being one of the deepest in the analytic theory of numbers. It would be natural,
then, to say that the average order of d(n) is logn.

A similar problem presents itself for f(n) and F(n); and it is easy to shew that, in this
sense, the average order of f(n) and F(n) isloglogn. In fact it may be shewn, by purely
elementary methods, that

n
(1.23) fM)+ @)+ + f(n) = nloglogn + An + O <1og n>

n
(1.24) F())+ F(2)+---+ F(n) =nloglogn+ Bn+ O <log n) )

where A and B are certain constants.

*Wigret, “Sur l'ordre de grandeur du nombre des diviseurs d’un entier,” Arkiv for matematik, Vol. TIT
(1907), No. 18, pp. 1 — 9. See Ramanujan, “Highly Composite Numbers,” Proc. London math. soc., Ser.
2, Vol. XIV (1915), pp. 347 — 409 [No. 15 of this volume] for more precise results.
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This problem, however, we shall dismiss for the present, as results still more precise than
(1.23) and (1.24) can be found by transcendental methods.

(4) Fourthly, we may ask what is the normal order of the function. This phrase requires a
little more explanation.

Suppose that N(z) is the number of numbers, not exceeding x, which possess a certain
property P. This property may be a function of n only, or of x only, of both n and x:
we shall be concerned only with cases in which it is a function of one variable alone. And
suppose further that

(1.25) N(z)~zx

when © — oo. Then we shall say, if P is a function of n only, that almost all numbers
possess the property, and, if P is a function of x only, that almost all numbers less than x
possess the property. Thus, to take a trivial example, almost all numbers are composite.
If then g(n) is an arithmetical function of n and ¢(n) an elementary increasing function,
and if, for every positive €, we have

(1.26) (1=€)op(n) <g(n) <(1+e€)o(n)

for almost all values of n, we shall say that the normal order of g(n) is ¢(n).

It is in no way necessary that a function should possess either a determinate average order
or a determinate normal order, or that one should be determinate when the other is, or
that, if both are determinate, they should be the same. But we shall find that each of the
functions f(n) and F'(n) has both the average order and the normal order loglogn.

The definitions just given may be modified so as to apply only to numbers of a special class.
If Q(z) is the number of numbers of the class not exceeding x, and N(x) the number of
these numbers which possess the property P, and

(1.27) N(z) ~ Q(x),

then we shall say that almost all of the numbers (or almost all of the numbers less than
x) possess the property.

II.
“Quadratfrei” numbers.

2.1. It is most convenient to begin by confining our attention to quadratfrei numbers,
numbers, that is to say, which contain no prime factor raised to a power higher than the
first. It is well known that the number Q(x) of such numbers, not exceeding z, satisfies the
relation
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6
(2.11) Qx) ~ 5z *
T
We shall denote by 7, (z) the number of numbers which are products of just v different
prime factors and do not exceed x, so that m(z) = mw(z) is the number of primes not
exceeding x, and

> ml(@) = Q).
1

It has been shewn by Landau' that

r  (loglogz)’1

(2.12) o)~ o )

for every fixed value of v. In what follows we shall require, not an asymptotic equality,
but an inequality satisfied for all values of v and .
2.2. LEMMA A. There are absolute constants C' and K such that

K, (loglogx+ C)¥
log x V!

(2.21) Ty (x) <
for
v=20,1,2,..., x> 2.

The inequality (2.21) is certainly true when v = 0, whatever the value of C. It is known
(and may be proved by elementary methods?) that

1
(2.221) > = <loglogz+B
p<z
and
1
(2.222) S 5P Hioge,
p<x

where B and H are constants. We shall prove by induction that (2.21) is true if

(2.223) C>B+H.

*Landau, Handbuch, p. 581.
tLandau, Handbuch, pp. 203 et seq.
*In applying (2.21) we assume that z/p > 2. If #/p < 2, m, (2 /p) is zero.
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Consider the numbers which do not exceed x and are comprised in the table
2-p1-p2--- Dy,
3-p1-p2- Dy,
9-p1-DP2- " Dy,
P-pi-p2--pu,
where p1,po,...,p, are, in each row, different primes arranged in ascending order of mag-

nitude, and where p, > 2 in the first row, p, > 3 in second, p, > 5 in the third, and so on.
It is plain that P < y/x. The total number of numbers in the table is plainly not greater

than
x
> (2).
p*<z P
If now wi,ws, ... are primes and

w1 <wg e < Wyd, WiW2 - Wy41<a,

the number wyws - - - w41 will occur at least v times in the table, once in the row in which
the first figure is wy once in that in which it is ws,..., once in that in which it is w,. We
have therefore

x
(2.23) vr(z) <Y, <—> .
2 p
pesT
Assuming, then, that (2.21) is true when v is replaced by v — 1, we obtain*

p?<z

Kz(logl Cc)yv—t 1
_ z(loglog z + C) Z

7 2 ploae/n)
But
1 1 log p log p 1 2logp
(2.25) logz —logp logz  (logx)? { log “logz  (logx)?’

since logp < %log x; and so
1 1 1 2 log p
2.26 < -+
(226) 2. ploae/n) = oz 2= p " (g e 2=
p*<z p“<zx p?<z

loglogz + B H loglogx + C
< + .
log = log = log

*It may be well to observe explicitly that loglog 2 + C' is positive.
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Substituting in (2.24), we obtain (2.21).

2.3. We can now prove one of our main theorems.

THEOREM A. Suppose that ¢ is a function of x which tends steadily to infinity with x.
Then

(2.31) loglog z — ¢+/(loglog z) < f(n) < loglog z + ¢+/(log log x)

for almost all quadratfrei numbers n less than x.
It is plainly enough to prove that

(2.321) Si= >, mal@) =o),
v<llz—¢p+/(llx)

(2.322) So= > mylx)=ox).”
v>llx+¢+/(llz)

It will be sufficient to consider one of the two sums S7,S2, say the latter; the discussion
of S1 proceeds on the same lines and is a little simpler. We have

x (llx 4+ C)

T
v>llz+¢\/(llx)
Write
loglogz 4+ C = €.
Then the condition that

v > loglog x + ¢+/loglog x,

where ¢ is some function of z which tends steadily to infinity with x, is plainly equivalent
to the condition that

v>E+ U/,

where W is some function of £ which tends steadily to infinity with £; and so what we have
to prove is that

_ & _ ¢
(2.34) S = Z = o(e®).
v>E+W\/E
We choose a positive number § so small that

- i + i +o<
2-3 34 4-5 4

(2.35)

“We shall sometimes write lz,llx, . .., instead of log x,loglog x, ..., in order to shorten our formulse.
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and write
_ éu éu ol "
(2.36) S = > =t D =8+
E+U/E<v<(1+6)¢ v>(1+6)¢

say. In the first place we have

v 2
2.371 S”<£—1{1 3 3 }
( ) v1! +V1—|—1+(V1—|—1)(V1—|—2)+
I3 1 1 148&n
RINPS I S
<V1!{ T s T a0 } 5l

where v is the smallest integer greater than (1 + 0)§. It follows that

(2.372) S < 1 (log—log v +1)

where the K’s are absolute constants and
A= (1+0)log(l+9)—o.
And since
(146)log(14+8) —6> (1+6)(6 — 56%) — 6 = $6*(1 —6) =n,

say, we obtain

K
2.373 " < —_ell-mE
(237 Ve

where 7 is positive: so that

(2.374) 5" = o(e®).
In S', we write v = £ + pu, so that ¥,/§ < u < 6¢. Then
£ e

(2.381) Pl

< %eXp{(éJru)logE — (&4 p)log(& + p) + & + p}

_ K poow

- eer{ern (-t ia- )}
K e—(u2/a0) «

< \/ée .

Paper 35
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Thus

—u?/4¢ *
(2.382) 0] %Z "

RRYS

ot/ g
{\/ﬁ U t}

_ e[P “2du>:0(ef),

since ¥ — oco. From (2.36), (2.374), and (2.382) follows the truth of (2.34), and so that
of (2.322). As (2.321) may be proved in the same manner, the proof of Theorem A is
completed.

I
Q

2.4. THEOREM A’ . If ¢ is a function of n which tends steadily to infinity with n, then
almost all quadratfrei numbers have between

loglogn — ¢+/loglogn and loglogn + ¢+/loglogn

prime factors.
This theorem is a simple corollary of Theorem A. Consider the numbers not exceeding x.
We may plainly neglect numbers less than /z; so that

%logx <logn < logz,

(2.41) loglog z — log 2 < loglogn < loglog x.

Given ¢, we can determine a function W(x) such that ¥ tends steadily to infinity with x
and

(2.42) U(r) < bo(va).
Then

and

in virtue of (2.35)
*In this sum the values of p are not, in general, integral: £ + u is integral.
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In the first place
o+/loglogn > Wy/loglogz
if
log logn > % log log x,

which is certainly true, in virtue of (2.41), for sufficiently large values of x. Thus

(2.43) loglogn — ¢4/ (loglogn) < loglogx — W4/ (loglog x).

In the second place the corresponding inequality

(2.44) loglogn + ¢4/ (loglogn) > loglog x + ¥+/(log log x)

is certainly true if
o+/loglogn > V4/loglogx + log 2;

and this also is true, in virtue of (2.41) and (2.42), for sufficiently large values of z. From
(2.43), (2.44), and Theorem A, Theorem A’ follows at once.
As a corollary we have

THEOREM A”. The normal order of the number of prime factors of a quadratfrei number

is log log n.

IIT.
The normal order of f(n).

3.1. So far we have confined our attention to numbers which have no repeated factors.
When we remove this restriction, the functions f(n) and F(n) have to be distinguished
from one another.

We shall denote by w, (z) the number of numbers, not exceeding x, for which

f(n) =v.
It is obvious that
wy(x) > m,(z).
We require an inequality for w, (z) similar to that for m,(x) given by Lemma A.
LEMMA B. There are absolute constants D and L such that

Lz (loglogx + D)”
log x V!

(3.11) wu—i—l(x) <

for
v=20,1,2,..., x> 2.
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It is plain that

w1 (2) = 7(z) + 7(y/2) + 7(Jz) + - =0 (10290) .

The inequality is therefore true for v = 0, whatever the value of D. We shall prove by
induction that it is true in general if

(3.12) D>B+H-+J

where B and H have the same values as in 2.2, and

(3.13) J= i(s+1)(2—5+3—8+5—8+---).
2

Consider the numbers which do not exceed x and are comprised in the table
2(1 pllll pg‘Q ...pg’/7
30’ pllll p(212 ...pgl’7

Pa.plfl .pgz...pgl’7

where p1,ps,...,p, satisfy the same conditions as in the table of 2.2. It is plain that
P < zifa=1,P < {x if a =2, and so on, so that the total number of numbers in the

Z v < > ’
pa

prti<e

If now wi,ws, ... are primes and

wp <wy < -or <wpgr,  wilwy?e -wzfll <u,
the number wi*wj? - - - wall will occur at least v times in one of the tables which correspond
to different values of a. We have therefore

(3.14) vw,1(r) < ZE: @, (%) + ?Z @, (}%) 4+

Now let us suppose that (3.11) is true when v — 1 is substituted for v. Then it is plain*
that

Lz(loglog x + D)*~1 L 1
3.15)  wy(z) < plog(/p) T &~ PPlog(a/?) |
(3.15) +1(2) ! Z plog(z/p) Z p?log(z/p?)

p?<z p3<w

*See the footnote to p. 81 [footnote * on 330].
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Now
1 log 1 B+ H
(3.16) Z - ogloger + B + 7
= plog(x/p) log z
as we have already seen in 2.2. Also, if p*T! < z, we have
ps ps s+ 1
and so
(3.17) 3 ! <5t g sy
i p*log(xz/p%) ~ logx
if s > 2. Hence
1 log 1 B+ H log 1 D
(3.18) Z Z - oglogz + B + +J< oglogx + ‘
el p*log(x/p?) log log x

From (3.15) and (3.18) the truth of (3.11) follows immediately.
3.2. We can now argue with w,(x) as we argued with m,(z) in 2.3 and the paragraphs
which follow; and we may, without further preface, state the following theorems.

THEOREM B. If ¢ is a function x which tends steadily to infinity to x, then

loglogz — ¢+/(loglog x) < f(n) < loglogx + ¢+/(loglog x)

for almost all numbers n less than x.
THEOREM B'. If ¢ is a function of n which tends steadily to infinity with n, then almost
all numbers have between

loglogn — ¢+/(loglogn) and loglogn + ¢+/(loglogn)

different prime factors.
THEOREM B”. The normal order of the number of different prime factors of a number is
log logn.

Iv.
The normal order of F(n).

4.1. We have now to consider the corresponding theorems for F'(n), the number of prime
factors of n when multiple factors are counted multiply. These theorems are slightly more
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difficult. The additional difficulty occurs, however, only in the first stage of the argument,
which requires the proof of some inequality analogous to those given by Lemmas A and B.
We denote by

1T, ()

the number of numbers, not exceeding x, for which
F(n) =v.

It would be natural to expect an inequality of the same form as those of Lemmas A and B,
though naturally with different values of the constants. It is easy to see, however, that no
such inequality can possibly be true.

For, if v is greater than a constant multiple of log x, the function

z  (loglogx 4+ C)¥
log x V!

is — as may be seen at once by a simple approximation based upon Stirling’s theorem —
exceedingly small; and II,.1(z), being an integer, cannot be small unless it is zero. Thus
such an inequality as is suggested would shew that F'(n) cannot be of order as high as log
for any n less than z; and this is false, as we can see by taking

~ logn

=211, n=2F Fn)= .

the inequality required must therefore be of a less simple character.

4.2. LEMMA C. Suppose that K and C have the same meaning as in Lemma A, and that

(4.21) L <A<
Then
Kz
4.22
@) e <=
v+1
log 1 v v—1 v—2
" (loglogz + C) +)\(loglog:1:—|—0) +)\2(loglogx+0) Y
V! (v—1)! (v —2)!

the series being continued to the term A\”.

It is plainly sufficient to prove this inequality when A = %. In what follows we shall suppose
that A has this particular value.

We require a preliminary inequality analogous to (2.23) and (3.14). Consider the numbers
which do not exceed x and are comprised in the table

29 P1-P2 " Pv+l—a,

337
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3¢ P1-P2 " Pv+l-as
............ ,
P%p1-pa Puii—a,
where now pi1,ps,...,Pp+1—q are primes, arranged in ascending order of magnitude, but

not necessarily different, and where p,41—, > 2 in the first row, p,4+1_o > 3 in the second,
and so forth. Arguing as in 2.2. and 3.1, we now find

(4.23) I, 41 (2 ZH() ZHH( ) ZHM( )

p2<z p2<z p2<x

This inequality differs formally from (3.14) in that the suffixes of the functions on the
right-hand side sink by one from term to term.
We can now prove (4.22) by a process of induction similar in principle to that of 2.2 and
3.1. Let us suppose that the inequality is true when v is replaced by v — 1, and let us write

loglogz + C' =&,
as in 2.3. Substituting in (4.23), and observing that

loglog]% +C <,

we obtain

420 M) <3 py) TToaT {wg—_l)! g V—_;! wo)
o 2 T et
- 27 Eorl iRt e R S

Now, as we have seen already,

1 loglogx + C
4.251 - ;
( ) 2 plog(z/p) log z
and
1 s+ 1
4.252 < 275 +37+5 %+
(4.252) 2 p*log(z/p®) = logx ( )

psTi<z



The normal number of prime factors of a number n 339

if s > 2. It is moreover easy to prove that

(4.2531) (s+1)(27° +37 +57 4 ) < 2X° = 2(55)°
if s =2, and

—s —s —5 S 9\s
(4.2532) (s+1)275+354+5 54+ ) <A = ()

if s > 2.* From (4.24) — (4.2532) it follows that

Kz gu gu—l ) f'/_2
(4.25) M 41(7) < vlogx {(1/— 1)! +)\(V - 2)! A (v —3)! +}

2K ) gV—Z 61/—3
vlogx A {(1/—2)! +)\(1/—3)! +}

Ko §V—3 51/—4
A3 A
vlogx {(1/—3)!+ (u—4)!+

4+ o T

When we collect together the various terms on the right-hand side which involve the same
powers of &, it will be found that the coefficient of £¥7P is exactly

Kz Ap
logz (v —p)!

oLy Ko A
v)logz (v—1)

4.3. We may now argue substantially as in 2.3. We have to shew, for example, that

9

except when p = 1, when it is

We thus obtain (4.22).

(4.31) So= > Thy(e) = o)

v>llz+¢y/(llz)

and this is equivalent to proving that

(4.32) S= > Tp(z) =o(x),
v>E+UL/E

where ¥ is any function of & which tends to infinity with x.

*The inequalities may be verified directly for s = 2 and s = 3, and then proved to be true generally by
induction
fThe factor 2 occurs in the second line only.
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We choose § so that

1
4.33 1< d< i
(4.33) 9log(1+ 1) )
and write
(4.34) S= > @+ > Ty +5",
T VE<r<(140)E v>(140)&

say. In S’ we have

Kz & g V g 2v(v—1) Kyx &
4.351 1T, SIS IR (I A
( ) +1(x)<logx V! { +10§+(10) £2 + <loga:y'
where

K
(4.352) Ki=—y
1 —15(149)

and by means of this inequality we can shew, just as in 2.3, that
(4.353) S' = o(x).

In discussing S” we must use (4.22) in a different manner. We have

G Mo« A2 (e § ) < K2,

and so

(1:362) o< li-;“g;: RV - )\ 1ogx EPATE=0 { <1o§ x)”} ’
v>(1+6)¢

where

(4.363) n=1-(1/A)+ (1+68)log(1/A) = (1 +5)log ¥ — L >0,

by (4.33). Hence

(4.364) S" = o(x).

From (4.34), (4.353), and (4.364), it follows that S = o(z).

4.4. We have therefore the following theorems.

THEOREM C. The result of Theorem B remains true when F(n) is substituted for f(n).
THEOREM C’, The result of Theorem B’ remains true when the word “different” is omitted.
THEOREM C”. The normal order of the total number of prime factors of a number is
log logn.

*

1 _ 1 _ 1
s 1< - 1<
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V.
The normal order of d(n).

5.1. It is natural to ask whether similar theorems cannot be proved with regard to some
of the other standard arithmetical functions of n, such as d(n).

If
n=pi'py® - pl
we have
dn)=14+a)14+az) - (1+a,).
Since

2<14a<2

if a > 1, we obtain at once
i < d(’I’L) < 201+a2+~~'+au’

or

(5.11) 25 < d(n) < 2F(™),

From (5.11), and Theorems B’ and C’, we obtain at once
THEOREM D’. The inequalities

(5 12) 2log log n—¢+/(loglogn) < d(n) 2log log n+¢+/(loglog n) 7

where ¢ is any function of n which tends to infinity with n, are satisfied for almost all
numbers n.
The inequalities (5.12) are of a much less precise type than (1.26): we cannot say that the
normal order of d(n) is 2!°61°8™ We can however say that (to put it roughly) the normal

order of d(n) is about
210g10gn _ (log n)log2 — (log ’I’L)O'69"'.

It should be observed that this order is far removed from logn, the average order f d(n).
The explanation of this apparent paradox is simple. The majority of numbers have about
(logn)©8? divisors. But those which have an abnormal number may have a very much
larger number indeed: the excess of the maximum order over the normal order is so great
that, when we compute the average order, it is the numbers with an abnormal number
of divisors which dominate the calculation. The maximum order of the number of prime
factors is not large enough to give rise to a similar phenomenon.



